ZETA FUNCTIONS OF FINITELY GENERATED 
VIRTUALLY NILPOTENT GROUPS 



DIEGO SULCA 

Abstract. We prove that the subgroup and the normal zeta func- 
tions of virtually nilpotent groups can be written as a finite sum of 
Euler products of cone integrals and we deduce from this that they 
have rational abscissas of convergence and meromorphic continua- 
tion to the left. We give a method to obtain the cone conditions 
for these cone integrals and as an application we compute the zeta 
functions of all finitely generated torsion free virtually nilpotent 
groups of Hirsch length 3. 



Introduction 

For a finitely generated group G, let (G) and a^(G) denote respec- 
tively the number of subgroups of G of index n and the number of 
normal subgroups of G of index n. The zeta function of G is defined 
as the Dirichlet series: 



n=l A< f G 



where < f means "subgroup of finite index". The local zeta function of 
G at a prime p is defined as: 

fc=0 y A< P G 

where < p means "subgroup of index a power of p". The normal zeta 
function of G and the local normal zeta function of G at p, denoted by 
Ca(s) and Cg,p( s ) respectively, are defined similarly using a^(G) instead 
of (G). To avoid repetitions we shall use the symbol * whenever we 
refer to both < and <. 

These series were introduced in [GSS] as a tool to study the arith- 
metic properties of the sequences a n (G) and a^(G), their growth and 
their asymptotic behavior. The series Cg( s ) defines an analytic function 
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in the (non-empty) region 3?(s) > or (G) when or (G), the abscissa of 
convergence of (q{s), is finite (or even — oo) or equivalently when G 
has polynomial subgroup growth. A finitely generated residually finite 
group G has polynomial subgroup growth if and only if it contains a 
finite index subgroup which is soluble of finite rank |LMSj . The class 
of finitely generated virtually nilpotent groups (containing a nilpotent 
normal subgroup of finite index) have this property and in particular 
the smaller class of r-groups (finitely generated torsion free nilpotent 
groups) . 

The following results for r-groups were obtained in jGSSJ and |dSG| : 



I. Cq{s) has rational abscissa of convergence a*(G) < h(G), where 
h(G) is the Hirsch length of G, and this number depends only on 
the Q-Mal'cev completion of G. 
II. Cg( s ) nas nieromorphic continuation to the left, that is, there 
exists 5 > such that (q(s) can be extended meromorphically to 
the region {s e C : ft(s) > a*(G) - 5}. 

III. Cg( s ) nas Euler product decomposition: Cg( s ) = II Cg p ( s )) 

p prime 

and the local factors Cg»( s ) are rational functions in p~ s ; more 
precisely, for each prime p, there exist polynomials P„ and Q„ of 



bounded degree with coefficients in 



such that (q, p (s) 



P P (p- s ) 
Qp{p- a )' 



The goal of this paper is to extend these results to the class of (finitely 
generated) virtually nilpotent groups. Notice that this family coincides 
with the family of virtually r-groups (containing a normal subgroup of 
finite index which is a r-group). 

The zeta functions of finite extensions of the free abelian group Z d , a 
proper subclass of virtually nilpotent groups, were studied in [dSMS]. 
They first observed that if iV is a normal subgroup of G of finite index, 
then one has that 



E 

N<H<G 



\ 



E 

A* f G 
,AN=H 



[G : A]' 



N<H<G 



\AN=H 



\ 



J 



Then they proved that if iV is finitely generated torsion free abelian, 
then for each N < H < G there exists an Euler product decomposition 
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|dSMSj Propositions 2.2 and 2.5]: 

e \h--a]- s = n e ^-- A y 

A*fG p prime \ A*G,A< P H 

AN=H \ AN=H 

C. Voll observed that in the proof only the fact that the profinite com- 
pletion of iV is a product over all primes p of its Sylow pro-p subgroups 
was used and this is also the case if we just assume that iV is a r-group. 

Therefore, as in [dSMSJ, to study the analytic properties of ( G {s), it 
is enough to fix iV < H < G and consider the following zeta function 
associated to the pair (H, N): 

qa s ) ■■= e i h ■ a ^ s = n <w*)» 



where 



A*fG p prime 

AN=H 



c h ,n, p ( s ) = E i H ■ A ^ s - 

A*G, A< P H 
AN=H 

Several analytic properties of ^ N (s) can be obtained by expressing 
it as an Euler product of cone integrals over Q. Given a natural number 
m, a finite collection of polynomials 

V= (fo, 9o', fi, 9i, ■ ■ ■ , fi, 9i) 

with f , g , fx, gi, . . . , fi, gi G Q[xi, ...,x m ] is called a cone integral 
data. For each prime p, one associates to T> the closed subset of 

M(V,p) = {x e 7% : u p (/i(x)) < v p (gi(x)) for i = 1, . . . , I}, 
where v p is the p-adic valuation on Z p . Then the p-adic integral 

Zv{s,p) = / |/ o (x)|p|0o(x)|pd//(x), 

JM(V,p) 

where \x is the normalized Haar Measure on Z™ and s is a complex 
number, is called a cone integral defined over Q. By a result of Denef 
|De] , each Zx>(s,p) is a rational function in p~ s and therefore it can be 
written as a power series 

oo 

Zv(s,p) = J2 a P^P~ iS 



i=0 
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with non- negative coefficients. A function Z(s) is said to be an Euler 
product of cone integrals over Q with cone integral data T> if 

z{s)= n (<hfl(p)-M*,p)), 

p prime 
a p , (X>)^0 

and in this case one writes Z(s) = Z v (s). 

In [dSGJ it is proved that such a function Z(s) is expressible as a 
Dirichlet series Yl^Li a n n S with nonnegative coefficients and that if for 
almost all primes p the function Zx>{s,p) is not the constant function, 
then: 

I. The abscissa of convergence «p of Zv(s) = Y^=i a n n ~ s is a ra- 
tional number. 

II. Zx>{s) has meromorphic continuation to 9ft(s) > old — 5 for some 
5 > 0. 

III. The continued function is holomorphic on the line 3?(s) = a-p 
except for a possible pole at s — old- 

IV. The abscissa of convergence of each local factor is strictly to the 
left of a-r>- 

In the first half of the paper we prove the following results. 

Theorem A. Let G be a finitely generated virtually nilpotent group, 
N a normal subgroup of G of finite index which is a r-group, and let 
N < H < G. Then there exists a cone integral data T>* such that 
Ch n( s ) i s Euler product of cone integrals overQ: 

Q iN {s) = Z v .(s - h(N) - [H : N] + 1). 

Theorem B. Let G be a finitely generated virtually nilpotent group 
and N a finite index normal subgroup of G which is a r-group. Then 

(1) Cg( s ) has rational abscissa of convergence a*(G) < a* (AT) + 1 < 
h(G) + l. 

(2) There exists 5 > such that Cg( s ) ^ as "meromorphic continuation 
to the region 5f(s) > a*(G) — 5, and the line 3f?(s) = a*(G) contains 
at most one pole of Cg( s ) ( a ^ ^ e P ^ s = ct*(G)). 

(3) C G (s) = y~] [G : H]~ s (h,n( s ) an d each Ch,n( s ) has Euler prod- 

N<H<G 

uct decomposition (h,n( s ) = J][ Ch,n, p ( s )> where each Ch,n, p ( s ) 

p prime 

is a rational function in p~ s . 
In the course of proving Theorem A we deduce the following corollary. 
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Corollary 1. The zeta function and the normal zeta function of a 
r-group are Euler products of cone integrals over Q. 

We observe that this corollary improves a result obtained in |dSG 
Remark after Corollary 5.6] which says that for a r-group G, 

C G (s) = Z v *(s-h(G))P(s), 

where Z-p»(s) is an Euler product of cone integrals over Q and P(s) = 
J| pg5 P p (p _,s ), where S is a finite set of primes and P p (x) is a rational 
function. 

In the second half of the paper we introduce the Q-Mal'cev comple- 
tion of a pair (G, N), where G is a group and N a finite index normal 
subgroup of G which is a r-group. It is a group K, uniquely deter- 
mined by (G, N) up to isomorphism, containing both G as a subgroup 
and the Q-Mal'cev completion iV^ of N as a normal subgroup of finite 
index in such a way that N^G = K and N Q fl G = N. In general, if 
K is any group containing a finite index normal subgroup M which is 
the Q-Mal'cev completion of some r-group, then K is the Q-Mal'cev 
completion of any pair (G, G fl M), where G is a subgroup of K such 
that GM = K and G fl M is a r-group with Q-Mal'cev completion M. 

We are able to state the following theorem, which is the analogous 
of Proposition 3 in [GSSJ. 

Theorem C. Let G be a finitely generated virtually nilpotent group and 
let N be a finite index normal subgroup of G which is a r-group. Then 
the abscissa of convergence of £q n (s) depends only on the Q-Mal'cev 
completion of (G, N) . In particular, the abscissa of convergence of 
(s) depends only on the Q-Mal'cev completion of (G, N). 

The first application is the obtention of formulas for the abscissa of 
convergence of the zeta functions of virtually abelian groups. 

The second application is the explicit computation of the zeta func- 
tions of all 3-dimensional Bieberbach groups, that is, torsion free virtu- 
ally nilpotent groups of Hirsch length 3. These groups were classified 
in |DIKL| . In this paper we include only the results. The complete 
computations are in [SJ. 



1. Local factors as cone integrals 

From now on we fix a finitely generated virtually nilpotent group G, 
a normal subgroup N of index r which is a r-group of Hirsch length 
h > 1 and a subgroup H with N < H < G and [H : N] = r\. We 
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consider the following two zeta functions: 

(h,n(s) = E l H : A ^ and ^As) = E [H : A]-. 

AN=H AN=H 

Since the second zeta function is zero if H is not normal in G, then we 
shall always assume that H is normal in G whenever we are considering 
the case * = <]. 

For each prime p, let M p be the family of normal subgroups of G 
contained in N and which are of index a power of p in N, and let 
G p be the inverse limit of the quotients G/A for A G M p . Observe 
that if B < p N then the subgroup fl ge G-B 9 is in M p , and since iV is a 
residually- (finite p-group) then the intersection of all the elements of 
M p is {1}. Hence G can be viewed as a dense subgroup of G p naturally 
and in this way we shall denote by N p and H p the closures of N and H 
in G p respectively. The fact that the family of subgroups of N of index 
a power of p is cofinal with J\f p implies that N p is the pro-p completion 
of N. 

Let Hp be the family of all the subgroups of G containing some el- 
ement of Mp and let O p be the family of the open subgroups of G p . 
Observe that TL p is precisely the family of subgroups A of G for which 
A R N < p N, and O p is the family of the finite index subgroups of 
G p . The latter is because for B <f G p we have B D N p </ N p and 
therefore S D N p is open since N p is a finitely generated pro-p group 
( |DdSMS| Theorem 1.17]), and moreover B (1 N p < p N p . It is a general 
fact in profinite completions that the map A — )■ A gives a correspon- 
dence between % p and P with inverse map given by B — > B D G, and 
a subgroup A 6 H p is normal if and only if A is normal. This corre- 
spondence is also index-preserving in the sense that [G p : A] = [G : A] 
for all AeUp. 

Proposition 1.1. Let A <f G. Then the map Ax — > A\ gives an 
index-preserving correspondence between the family H p {A) of subgroups 
A\ < p A for which Ai(A D N) = A and the family O p (A) of open 
subgroups B of A for which B(A fl N) = A. Under this correspondence, 
normal subgroups of A correspond to normal subgroups in A and if 
A is normal in G then normal subgroups of G correspond to normal 
subgroups of G p . 

Proof. First we shall prove that [A : Ai] = [A : Ai] for all A\ G 
H P (A). In fact, for A 1 G U p (A) we have [A n N : A x n N] = [A : A x \ 
which is a power of p, and since is a r-group it is a well known 
fact that [AnN : A~ x fl N] = [A C\ N : A x C\ N\. This implies that 
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[A : A x ] = [An N : Ai D N}. Now Ai(XiT/V) is closed and contains A, 
and conversely A contains Ai(AnN) clearly. Then A = Ai(AnN) 
an d similar ly A T = A 1 ( Ai~T]N) (*). Then [A : Ax] = [A X (A fl N) : 
n N)] = [AnN : XPTiV n A 1 (A 1 nN)} and in order to show 
that An N n Ai(Ai n N) = A x n N, it is enough to prove that A x D 
(AnN) < A x n iV. But Ai n (ATTiV) < A x n i\T p < G n_N p = N and 
therefore A 1 n (XiT/V) < Ai n iV. We conclude that [A : AT] = [A : A x ] 
and the expressions for A and Ai in (*) imply that A\ G O p (A). 

If A 1; A 2 G H P {A) then A x V A 2 G "H P (A). Thus, iiA\ = A~ 2 then 
Ai = A\ V A 2 which, by the preservation of the index that was proved 
in the last paragraph, implies that A\ = A1VA2, or A2 < A\. Similarly 
Ai < A2 and therefore A\ — A2, that is, the map A\ — > A\ is injective. 
To see that our application is surjective, for B G O p (A) we shall see that 
B n A G ftp(A) and that B = B n A. In fact, [A : S] = [S(A n JV) : 
B] = [B(AniV) : B] = [AnN : ArWfl-B] = [AnN -. (AnN)n(AnB)] = 
[(AnB)(AnN) : AnB] = [A : AnB] provided that (AnB)(A nN) = A. 
It is clear that (A n B)(A n N) < A and since A < A = ^(AniV) = 
S(A fl N), it follows at once that A < (A n B)(A n iV). Since [A : 
£>] = [iniV:5n(j4n A r )] , which is a power of p, then we obtain that 
B n A < p A and (A n S)(A n iV) = A, thus A n 5 G ^ P (A). Now, 
the equality [A : B] — [A : A D -B] and the preservation of the index 
which was proved before imply that A fl B = B. Hence we obtain our 
bijection which is an i'ndex preserving correspondence whose inverse is 
the map B — > B fl A. Finally, the fact that Ai D A = A\ implies that 
A\ is normal in A if and only if A\ is normal in A. Similarly, if A\ is 
also normal in G then A\ is normal in G p , and if A is normal in G and 
Ai is normal in G p , then Ai = A\ D A must be normal in G. □ 

Corollary 1.2. TTie map A — > A gives an index-preserving correspon- 
dence between {A*G : A < p H, AN = H} and {B* f G p : BN p = H p }. 

Proof. The sets {A* G : A < p H, AN = H} and {A < f G p : AN P = 
H p } are just %{A) and O p (H) respectively. Now apply Proposition ll.il 
observing that if H is not normal in G then for * = < the two sets are 
empty. □ 

Using this corollary, we obtain: 

(1-1) C H , N , P (s) = Q p ,n p (s) := Yl [H P --A\- S . 

A* fGp 
AN P =H P 
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Hence, in order to prove our main theorems we will find a cone integral 
data T>* such that for all prime p we have 

(1.2) Ch p ,n p (s) = (l - p- x Y h z v ,{s -h-r 1 + l,p). 

The method we shall use to express (h p n p ( s ) as a p-adic integral is 
essentially the same as the one which was used in [dSJ to study the zeta 
functions of compact p-adic analytic groups, which are finite extensions 
of uniform pro-p groups. Fix a Mal'cev basis {xi, . . . ,Xh} for N and 
choose a transversal {1 = 70, 71, ... , 7 n -i, • • • , 7r-i} to the cosets of N 
in G in such a way that {70, . . . , 7 ri -i} is a transversal to the cosets of 
N in H . Let 5 be the group operation induced on {0, . . . , r — 1} when 
we identify with i, that is, jiN^jN = jsOi^N. 
For a /i-tuple a = (ai, . . . , ah) G Zp, we write x a = x^ 1 . . . x a h h G N p . It 
is well known that the map (p : a — > x a is a homeomorphism from Zp 
onto N p which preserves measure, that is, such that p,(<p{Aj) = /J,(A) 
for all open subset A (here fi is the normalized Haar measure). From 
this we can obtain the following useful result: 

Proposition 1.3. Let B be an open subgroup of N p and let x G N p . 
Then //({a G % h p : x a G xB}) = [N p : B]' 1 . 

The concept of Mal'cev basis can be also extended to other families 
of nilpotent groups different than the family of r-groups. For instance 
in |W| Chap. 10] the framework to do this is developed. We shall 
explain quickly without proofs how this is done in the family of finitely 
generated (topologically) torsion free nilpotent pro-p groups: T p -groups. 
Let B a r p -group. A Mal'cev basis for B is an ordered set {bi, . . . , bh} 

such that B = (bi, . . . ,bh) > (62, • • • , bh) > • • • > (bh) > 1 is a central 
series of B with all its factors isomorphic to Z p . For example in our 
case {xi, . . . , Xh} is a Mal'cev basis for the r p -group N p . The existence 
and the elementary facts about these Mal'cev bases, for example: every 
element of B can be written in a unique way as a product b^ 1 . . . b^ h 
with Aj G Z p , can be obtained in a similar way as in the case of Mal'cev 
bases for r-groups. We shall used them without explicit mention. 

It is not difficult to see that for each open subgroup B of N p , there 
exists an upper triangular matrix t G Tr(h, Z p ) such that {x* 1 , . . . , x t/l } 
is a Mal'cev basis for B. These bases are called good bases for B and 
we shall say that the matrix t represents the good basis. Let Ai(B) 
denote the set of all matrices t G Tr(h, Z p ) representing some good 
basis for the open subgroup B. The following facts are proved in |GSS[ 
Section 2]: 

(1) M.[B) is an open subset of Tr(h, Z p ), 
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(2) for t G Ai(B), the norm \ta\ p depends only on B, 

(3) fi(Ai(B)) = (1 — P^^Yli^ \tu\pi where \i is the Haar measure 
in Tr(h, Z p ), and 

(4) [N p : B] = nti M; 1 - 

For an open subgroup A <f G p such that AN P = H p , it is easy to see 
that A = (A n iVp)U7ini(v4 n iV p )U . . . U7 ri _in n _i(^4 n N p ) for some 
rix, ... , n n _i G AT p , and this allows us to define T{A) as the set of all 
pairs of matrices (t, v) G Tr(h, Z p ) xM ri _i x / 1 (Z p ) such that t represents 
a good basis for A fl iV p and {1, 7ix Vl , . . . , 7 ri _ 1 x Vr i- 1 } is a transversal 
to the cosets of A fl N p in A (here Vj is the i-th row vector of v). 

Lemma 1.4. T(A) zs an open subset ofTr(h, Z p ) x Zp ifaar 

measure: 

ft 

Mr(A))=(i-p- i )*ni^- 1 . 

i=i 

Proo/. For (t,v) G T(A) we clearly have T(A) = M(A (1 N p ) x 
<f- l (x. Vl (A n iV p )) x ... x y> _1 (x Vp i- 1 (>l n iV p )), which expresses T(A) 
as a product of open subsets. Then the proposition follows from this 
expression, Proposition 11.31 and the observations above. □ 

Defining T* = \J{T(A) : A *j G p ,AN p = H p } and arguing as in the 
proof of Proposition 2.6 of [GSS] , we obtain: 

„ h 

(i.3) c Hp>Np (s) = {i-p- i r h / n M s r~ ri+ld ^ 

The next step is to describe T p - and as sets of matrices satisfying 
cone conditions, that is, we want to find a finite set of polynomials /*, g* 
with rational coefficients such that for each prime p, T p = {(t,v) G 
Tr(h, Z p ) x M ri _i X 7j(Z p ) : f*(t, v)\g*(t, v)} up to a set of measure zero. 
One condition for the pair (t, v) to be in T* is that t must be a good 
basis for some open subgroup (resp. open normal subgroup) of iV p . We 
will see that this condition can be described using cone conditions. 
Once we know that t represents a good basis for some open subgroup 
(resp. open normal subgroup) of iV p , then we will see that the other 
conditions on (t, v) to be in T* are a finite number of conditions of the 

form x h ( t,v ) G (x* 1 , . . . ,x tft ) with h a vectorial polynomial which does 
not depend on p. Then we have to be able to translate this kind of con- 
dition into cone conditions. To do this, we recall the Hall polynomials 
associated to the Mal'cev basis {x\, . . . , Xh] of iV QHJ). These are 
polynomials A(X, Y), . . . , f h (X,Y) G Q[X 1} . . . , X h , Y 1} . . . , Y h \ and 



10 



DIEGO SULCA 



Si (X, W), . . . , g h (X, W) G Q[X U . . . , X h , W] such that x a x b = x f ( a ' b ) 
and (x a ;p = xs( a ^) for all a, b G Z h and w e Z, where f = (f u . . . , f h ) 
andg= (g l7 ...,g h ). 

Now we can describe an algorithm to obtain polynomials ji, ki (i = 
1, . . . , h) with rational coefficients such that for all prime p, if t rep- 
resents a good basis for some open subgroup of N p then the condition 
x z G (x* 1 , . . . , X th ) is equivalent to jj(z, t)|fcj(z, t) for alH = 1, . . . , h: 

I. Choose variables for 1 < % < j < h, Z\, . . . , Z h and W±, . . . , Wh 
and define vectorial polynomials Tj = (0, . . . , 0, Tjj, . . . , T^) and 
Z = (Zi, . . . , Zh). For a vectorial polynomial k = (ki, . . . , kh) and 
1 < i < h, define the vectorial polynomial k l := (0, . . . , 0, ki, . . . , kh). 
For example Z 2 = (0, Z 2 , . . . , Z h ). 
II. Define recursively a list of vectorial polynomials k 1; . . . k h by: 

• k x = Z, 

• k, = f (g(g i (T,_ 1 , Wi-J, -1), kj_i) for 1< % < h. 
Observe that for i > 1, kj is a vectorial polynomial in the variables 
{Tji,j < l,j < i}, Z 2 , . . ■ , Zh, W\, . . . , Wi-i, and for simplicity we 
shall write k, = k^Ti, . . . , Tj_i, Z 2 , W x , . . . , W^). 

III. Define recursively rational functions i>i(T, Z), . . . , f^(T, Z): 

• Vl (T,Z) = A; 11 (Z 1 )/T 11 

• Ui(T,Z) = k ii (T 1 ,...,T i _ 1 ,Z 2 ,v 1 (T,Z),...,v i _ 1 (T,Z))/T ii 
for 1 < % < h. 

The denominator of these rational functions are all monomials in 
Tn, ■ ■ ■ , Thh- 

Proposition 1.5. Suppose that t G Tr(h,Z p ) represents a good ba- 
sis for an open subgroup of N p and let z = (z±, . . . , Zh) G Z£. Then 
x* 1 . . . x z h h G (x* 1 , . . . , x tft ) i/ and on/?/ if Vi(t, z) G Z p /or a// i. 

Proof. Let _B t = (x* 1 , . . . , x th ). Since {x* 1 , . . . , x tft } is a Mal'cev basis 
for B t , then every element of B t can be written uniquely in the form 
(x* 1 )" 1 . . . (x. th ) ah for some a» G Z p . When the element (x tl ) ai . . . (x t ' i ) ah 

is written in the basis {xi, . . . ,Xh}, it has the form x*" a *x^ l " 1 1 . . . x^ 1 
for some . . . ,bh G Z p . We shall make use of these facts without 
mention. 

Let Wi = Vi(t,z). We have that x z G -B t if and only if x z = 
(x* 1 )" 1 . . . (x th ) ah for some a±, . . . , a h G Z p , and since (x* 1 )" 1 . . . (x th ) ah 
has the form x^^x 1 ^ ■ ■ ■ x\ h then we must have that tn|-2i, or W\ G Z p , 
and therefore the element (x* 1 ) 21 /* 11 = x 5 ^ 1 '™ 1 ) must be in B t . We 
conclude that x z G i?t if and only if w\ G Z p and x 2 = x g ( tl,wi )a for 
some a G 5 t - Now it is easy to see that <7i(ti,u>i) = t n Wi = Z\, so our 
condition is w 1 G Z p and x^ 2 . . . x z h h = xf 2 ^ 1 '™ 1 ^ . . . x g h d ^ ,w ^a for some 
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a G (x t2 , . . . , x th ). Operating with f and g we get: 

/ oa(ti,rui) Sk(ti,u>i)\-1 z 2 z h _ f 2 (g 2 (g 2 (ti,u>i),-l),z 2 ) _ k 2 (ti,z 2 ,u;i) 

l x 2 ■ ■ ■ x h ) x 2 ■ ■ ■ x h ~ A ~~ A 

Our conclusion is that x z G B t if and only if w\ G Z p and x k2 ( tl,z2 ' wi ) G 
(x t2 , . . . , x*>»). 

Let i > 1 and assume that x z G i?t if and only if toi, . . . , u>j_i G Z p 
and x ki(ti,...,tj_i,z 2 ,wi,...,™i-i) G (x t4 , . . . , x t/i ). Working as before and 
assuming that ui\, . . . ,Wi-i G Z p , we see that this is equivalent to 
t«Mti, • • • , t<_i, z 2 , w 1 ,...,w i ),oi Wi G Zp, and x ki(ti,...,t i -i,- 2 ,i«i,...,t«, i _ 1 ) = 
x s(U,w i ) a f or some a g . . . ( and again this is equivalent to u>j G 
Z p and x k* +1 (ti>->ti-i.z>i,..,^) = x g !+1 (t l ,^) a f or some a e ( x **+i, . . . , X*"). 
The exponent of ( x g <+1 (ti,t«i))-i x kf fl (ti,...,ti_iy,t(»i,... I w 1 ) is c i ear i y 

f (g(g i+1 (t i , Wi ), -1), kj +1 (ti, . . . , ti_i, z 2 , Wl , . . . , wO) 

which, by definition, is just kj + i(ti, . . . , t$, z 2 , wi, . . . , Wj). It follows 
that x z G 5 t if and only if w x , . . . , w t G Z p and x kifi(ti,-,ti^ a ,wi,.»,w4) e 
(x*^ 1 , . . . , x tfe ) and then induction applies. □ 

Corollary 1.6. There exists a finite number of polynomials ji, ki (i G 
/ ) with rational coefficients such that for all prime p, the condition for 
a matrix t G Tr(h, Z p ) to represent a good basis for some open subgroup 
of N p is t u ...t hh ^0 and ji(t)\ki(t) for all i G I. 

Proof. This corollary is certainly true if the group iV is abelian. Sup- 
pose that h > 1 and assume that the result is true for all those r- 
groups of Hirsch length smaller than h. Then there exists polynomi- 
als ji,ki (i G Ji) with rational coefficients such that for all prime p, 
the upper triangular matrix t' with entries in Z p and rows t 2 , . . . , t/j 
represents a good basis for some open subgroup of the pro-p com- 
pletion of (x 2 , . . . , Xh) (which is equal to (x2, ■ ■ ■ , Xh), the closure in 
N p ) if and only if t 22 . • • thh 7^ and ji(t')\ki(t') for all i G I\. It is 
shown in |GSS| that a matrix t G Tr(h, 7L V ) represents a good ba- 
sis for some open subgroup of N p if and only if Y\a=i 7^ and 
[x^jX**] G (x^+i, . . . , x*fc) for 1 < i < j < h. Then it is clear that 
{x* 1 , . . . , x tft } is a good basis for some open subgroup of N p if and only 
if tn 7^ 0, [x* 1 , x*j] G (x*3+i, . . . x*fc) for all j > 1 and {x t2 , . . . , x th } is 
a good basis for some open subgroup of (a; 2 , . . . , x^). Let ci, . . . , Ch be 
the polynomials in Q[X U . . . , X h ,Y u . . . , Y h ] such that [x a , x b ] = x c ( a ' b ) 
for all a, b G TJ 1 . By the proposition above, there exist finite sets of 
polynomials ji, ki, % G Jj, j = 2, . . . , h with rational coefficients such 
that for all prime p the following holds: given t G Tr(/i,Z p ), if we 



12 



DIEGO SULCA 



assume that {x t2 , . . . , x th } is a good basis for some open subgroup of 
(x2, ■ ■ ■ , Xh), then for each j > 1 the condition x*^* 1 '*^ G (x*^ 1 , . . . x th ) 
is equivalent to ji(t)\ki(t) for all i G Jj. It follows that the condition 
for t to represent a good basis of some open subgroup of N p is that 
t n . . . t hh ^ and ji(t)\ki(t) for all i G h U J x U . . . U J h . □ 

Corollary 1.7. TTie subgroup zeta function and the normal zeta func- 
tion of a r-group are Euler products of cone integrals. 

Proof. For the r-group N we have that Q(s) = U P Cn, p ( s ) = U P (n p ( s ), 
and using expression ( II. 3p we have 

e N (s)=u(( i -p- i y i [ nMrW). 

p \ ^ T p i=l / 

When * =<, then Corollary 11.61 implies that the set T p - can be de- 
scribed by the condition tu . . . thh 7^ and a finite set of cone condi- 
tions independent of p. Since the set of matrices t G Tr(h, Z p ) with 
tn ■ ■ ■ thh = has Haar measure zero, then we can drop this condition. 
This proves the corollary in the case * =<. In the case * = <, we 
have to add some more conditions on the matrix t. It can be checked 
easily (for instance see [GSSJ) that if t represents a good basis, then the 
subgroup B t is normal if and only if x c ( ei ' tj ) G (x* 1 , . . . x th ) for all i,j 
(here = (0, . . . ■ ■ ■ > 0) an d c is the vectorial polynomial which 

i 

expresses the commutator). Again, an application of Proposition 11.51 
tell us that this condition is equivalent to add cone conditions to the 
set T p - where the polynomials are independent of p. □ 

Proposition 1.8. There exists a finite set of vectorial polynomials 
{kj}jg/ with kij G Q[T, V] for j = 1, . . . , h and i G I , such that for 
every prime p, the conditions for (t, v) G Tr[h,7j p ) x M ri _i x / l (Z p ) to 
be in T* are that t represents a good basis for some open subgroup of 
N p and 

x kl(t ' v) G (x*!,.--,**"), V * e L 

Proof. A pair (t,v) G Tr(/t, Z p ) x M n _ lx ^(Z p ) is in T* if and only 
if t represents a good basis for some open subgroup B t of N p and 
^4(t,v) := (-BtU7iX Vl 5 t U . . . U7 ri _ix v ''i _1 i?t) *fG p . Then we can assume 
that t represents a good basis for the subgroup B t . Recall that 5 is 
the operation on {0, . . . , r — 1} induced by the quotient G/N when we 
identify 7jiV with i, and let x niJ G iV be such that 7,7^ = 7,5(j J )X n ^. It 
is easy to see then that A(t jV ) is a subgroup of G p if and only if: 
(1) (7 J x v j ) _1 x ti 7 J x v J G B t for % = 1, . . . , h and j — 1, . . . , r x — 1; 
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(2) for 1 < i,j < n-1 with 6(i, j) ^ 0, (^(ij)*^)- 1 !^*!^ e 
Bf, 

(3) 7j x Vj 7 J -ix v ^- 1 G S t for j = 1, . . . , n - I. 

In fact, the first condition reflects the normality of B t in ^4(t, v ) which is 
necessary since N p is normal in H p , and the second and third conditions 
reflect the fact that A( t)V )/B t must be a group. If we want A( tjV ) to 
be normal in G p we have to add more conditions. The first one is that 
-Bt — N p n ^4(t,v) must be normal and we have to add the conditions 
7i-4(t,v)7 i rl = At,v) for alH = 1, . . . ,r - 1 and XiA^^x' 1 = A (t)V) for 
alH = 1, . . . , h. Assuming that B t is normal then we have 

7^(t,v)7r 1 =B t U 7i 7ix vi 7r l£? t U • • • U ^^x^-^r 1 B t 
and for each j we obtain: 

7i7jX Vj 7 i rl = 7i7j7f S^Tf 1 

= 7«(ij,i-i)X v '< i -*^^ 
and similarly we have 

XiA^^xJ 1 = B t U x i 7iX Vl a;r 1 J B t U . . . U x^^-iX^i" 1 ^ -1 ^ 
and for each j we obtain: 

Xilj^x' 1 = 7j x v ^((x v 0- 1 77 1 ^7iX v ^- 1 ). 

Since in the normal case we always assume that H is normal in G then 
we see that {'fs(i,j,i- 1 ) xVsi > i,j,k) ^IjL^ 1 = {7i xVj ^}jL^ 1 and therefore the 
conditions we have to add in the case * = < are: 

(4) x c ( £i ' t: >) G B t (remember that this is the condition for B t to be 
normal in N p ); 

(5) 7^ 1 x ti 7j G -B t for i — 1, . . . , h and j — 1, . . . , r — 1; 

(6) (x^(^^- 1 ))-S- (i 1 i . )i _ 1) ( 7i 7,-7r 1 )(7^^7r 1 ) G fl* fori = 1, . . . ,r- 
1, j = 1, . . .,ri - 1; and 

(7) (x^-^xajX^x- 1 G St, i = 1, . . . , h and j = 1, . . . , n - 1. 

For each i = 1, . . . , h and j = 1, . . . , r — 1, we let "J^x^j = x liJ . For any 
u G Z h we have 7/ 1 x u 7 i = (x 1 ^)" 1 . . . (x^)*" 1 = yfiQwi) . . . yfi^,u h ) = 
x f(f(...f(g(ii i ,ui),g(i iyi u 2 )),...),g(i w ,u h )) = xPj (u) ; for gome vector j a i polynomi- 
als pi, . . . ,p r . 

Using this, the first condition is equivalent to 

x f(f( g (v j ,-i),p 3 (t,)),v j ) e ( x t 1)---)X t h ) j — 1, . . . ,h;i —, . . . ,r± — 1. 

For the second condition, fix a pair i,j G {1, . . . ,r± — 1} with k := 
<J(i,j) ^ 0. Then we have ^x^^^x^-x^ = x 8 ^*" 1 ^ ^x^-x^ = 
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x g(vfc,-l) x n ij ^ 7 l x v i ^ x v j _ x g(v fc ,-l) x n 1Jx p J (v i ) x v J _ x f (f (f (g(v fc ,-l),n i;j ), Pj (v 4 

and therefore the second condition is equivalent to 

x f(f(f(g(v fc ,-l),n«),p j (v i )),v i ) e ( x t 1; ... ;X t h ) 2 < i, J < n, jfe) ^ 0. 

The other conditions can be handled in the same way. □ 
We are now in position to prove Theorem A: 

Theorem 1.9. There exists a cone integral data T>* such that for all 
primes p we have 

Cg,n, p ( s ) = 0- ~ p^r'Zv^s -h-n + i, P ). 

Proof. Expression ( 11. 3ft gives the expression of Ch Np( s ) as an integral, 
and Corollary 11.61 and Proposition 11.81 gives the description of T* (up 
to a set of measure zero) with cone conditions with polynomials inde- 
pendent of p. □ 

The proof of Theorem B is almost ready from Theorem A and the 
introduction. We only have to check the bounds for the abscissa of 
convergence, but this is a particular case of Proposition 5.6.4 from 
|LSj . There it is considered only the case * =<, but the case * = < 
can be treated in the same way. 

Corollary 1.10. If Ch n( s ) has positive abscissa of convergence then 
the abscissa of convergence of each Ch Np( s ) ^ s strictly on the left of 
the abscissa of convergence of(^ N (s). Therefore, if S is a finite set 
of primes then Ch N (s) and Yl p( ^ s Ch Npi s ) have the same abscissa of 
convergence. 

Proof. This follows immediately from Theorem A and the properties 
of cone integrals stated in the Introduction. □ 

The hypothesis of this corollary are satisfied if we consider the subgroup 
zeta function: 

Proposition 1.11. The abscissa of convergence of ( H N (s) is bounded 
below by 1. 

Proof. There exists a normal subgroup K of H such that K < N and 
H/K has Hirsch length 1. If N\ < N is a normal subgroup of H such 
that Ni/K = Z then ( H Nl (s) < Ch n( s ) for s > 0. Clearly, every 
subgroup of Ni containing K is normal in H and therefore for p not 
dividing the index [H : Ni] and k > there exists A < H of index p k 
and ANi = H (see Hall subgroups for example in [RJ). Then for s > 
we have ( H Nl (s) > Ylpir[H-Ni] Czp( s ) an< ^ ^ ne ^ as ^ one nas abscissa of 
convergence 1 because £z (s) = C( s )) the Riemann zeta function. □ 
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Corollary 1.12. Let G' be another group with a finite index normal 
subgroup N' which is a r-group. If Cg,n, p ( s ) = Cg'n p ( s ) f or a ^ but 
a finite number of primes p, then ( G N (s) and ( G , N ,(s) have the same 
abscissa of convergence. 

2. MAL'CEV COMPLETIONS FOR VIRTUALLY NILPOTENT GROUPS 

In this section we introduce the Mal'cev completions of pairs (G, N) 
with G a finitely generated virtually nilpotent group and iV a finite 
index normal subgroup of G which is a r-group, and we shall prove 
Theorem C. This theorem is analogous to the fact that the abscissa 
of convergence of a r-group is an invariant of commensurability and 
therefore it only depends on the Q-Mal'cev completion of the r-group. 
Most of the material we shall use is well known but we shall try to do 
this section self-contained. 

2.1. Mal'cev completions. Let k be a field of characteristic zero. 
We fix a pair (G, N) where G is a finitely generated virtually nilpotent 
group and N is a finite index normal subgroup of G which is a r-group 
with fc-Mal'cev completion N k . Choose a transversal T = {l,t 2 , ■ ■ ■ ,t r } 
to the cosets of N in G. The group operation on G/N induces a group 
operation 5 on the set {1, . . . , r} when we identify Ntj with i. In this 
way we obtain elements riij G N such that ttfj = riijtgujy Let <jj denote 
the (unique) extension to N k of the automorphism n h- > n li = tint' 1 of 
N. Let K denote the set N k x T with the following operation: 

(2.1) (x, U) * (y, tj) = (xai(y)n ij: t s{i:j) ) 

Proposition 2.1. K is a group, N k x {1} is a normal subgroup of K 
isomorphic to N k and the map i : G — >■ K given by nti — > (n, tj) is 
an injective homomorphism such that i(E) n (N k x {1}) = l(N) and 
i(E)(N k x {1}) = K. In particular K/(N k x {1}) G/N. 

Proof. Associativity: Let (x,ti), (y,tj), (z,t k ) G K. We have 
((x,ti) * {y,tj)) * (z,t k ) = (x<Ti(y)nij,ts(ij)) * (z,t k ) 

= ( ;ro "i(y)^i "«5(i,j)( 2; ) n <5(i,j).fe'^((<5(i,i)):fc)) 

(x,U) * ((y,tj) * (z,t k )) = (x,ti) * (y<Tj(z)n jk ,t S {j,k)) 

= (xai(yaj(z)n jk )ni jS (j,k),ts(i,s(j,k))) 

Now it is clear that we only have to check that nij(Js(i,j)(z)n8(i,j),k — 
ai(o-j(z)nj k )rii t s(j,k) f° r all z G N k . Of course it will be enough to check 
this just for z G iV '. In this case we have 

n ij°~5(i,j)(z)ns(i,j), k = Utjtg^ts^Ztg^ts^tktg^j^^ = titjZtktg^jj^ 
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and 

a i (aj(z)njk)n ii s{j,k) = UtjZtj 1 tjtkt s ^ k - ) t i 1 Uts(j,k)'t s ^ s ^^ = UtjZt k t s ^ s ^^ 
which are equal. 

Unit and existence of the inverse: It is clear that the element (1,1) 
works as a unit and for (x,ti) we shall see that (a~ 1 (a; -1 n~ i 1 _ 1 ), ti-i) 
works as its inverse. In fact, 

(x,U) * {a- l {x- 1 n-^),t i -i) = (xa i (ar 1 (x~ l nT^_ 1 ))n iyi -i, 1) = (1, 1) 

and 

K -1 ^" 1 ^-!)^- 1 ) * (<Mi) = (o- l _1 (^ _1 ^-i)o-i-i(^)^-i,i, 1) 

and if we want to prove that u^ 1 (x~ 1 n~ 1 _ 1 )a i -i(x)n i -i ti = 1 for all 
x G N k it will be enough to do it for all x G N. In this case we have 

a~ 1 {x~ 1 n~^ 1 )a i -i{x)n i -i ji = t~ l x~ 1 nT^_ 1 t i t i -ixtT} 1 n i -i, i 

= X tg(i t i-l^Xt^_i7li-l t i = tj t^-iHi- 1 ,i = ti-ij = 1 

Then K is a group and it follows from the definition of the operation 
that N k x {1} is a subgroup of K and that the map x — > (x,l) gives an 
isomorphism from N k onto N k x {1}. Since (x,ti) = (x, 1) * (1,U) and 
(l,U)*(x, = (a i (x),t i )*(a~ 1 (n~J_ 1 ),t i -i) = (^(x), 1), then 

N k x {1} is normal in K. Finally define i : G — > K by nti — > {n,U). 
Since nUmtj = ntimt^titj = na i (m)nijts(i j j) then t is a homomorphism 
which is clearly injective and the fact that (x, 1) * (1, ti) = (x, ti) implies 
that (N k x {l})i(G) = K and clearly i(G) n {N k x {1}) = iV x {1} = 
i(N). □ 

Definition 2.2. For a pair (G,N), where G is a group and iV a finite 
index normal subgroup of G which is a r-group, we define the fc-Mal'cev 
completion of (G,N) as a triple (K,M,l), where K is a group, M a 
normal subgroup of K isomorphic to the fc-Mal'cev completion of iV 
and l : G — > K is an injective homomorphism such that t(G)M = K 
and l(G)HM = i(N). 

By the proposition above, any such a pair (G, N) has a fc-Mal'cev 
completion, and it follows from the definition that for any /c-Mal'cev 
completion (K,M,l) of (G,N) we have K/M ^ G/N. In particular, 
M has finite index in K. Since the fc-Mal'cev completion of iV is a 
radicable group then if (K\, Mi, ii) and (K2, M2, L2) are two fc-Mal'cev 
completions of (G, N) then an isomorphism tp : Ki — > K2 (if there 
exists) must induce an isomorphism <^|mi : Mi — > M 2 . In fact, (p(Mi) fl 
M 2 must have finite index in M 2 and therefore it must be equal to M 2 
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and similarly M 2 has finite index in tp(Mi) and therefore it must be 
equal to (p(Mi). 

Proposition 2.3. Let (Ki,M 1: Li) and (K 2) M 2 , i 2 ) be two k-Mal'cev 
completions of the pair (G, N) . Then there exists a unique isomorphism 
if : Ki — > K 2 such that the following diagram 




commutes (hereip is the extension of the isomorphism l 2 ol 1 1 : ti(iV) — > 

Proof. Take a transversal T = {f,t 2 , . . . ,t r } to the cosets of N in G 
and define 5 in {l,...,r} and G as we did at the beginning 
of the section. It is clear from the definition that every element of 
Ki can be written in a unique way as a product xti(tk) with x G 
Mi and tk G T. Then, if such a if exits then it must be defined by 
if(xLi(tk)) = ^{x)i 2 {tk). Thus it is enough to check that if we define if 
in this way then it is a homomorphism which would be automatically 
an isomorphism with the required properties. 
At one hand we have 

(fixL^yL^tj)) = (pixy^h^Utj)) = if{xy il{ti) '^(w^j))) 

= ip(xy ll{ti) L 1 (ni j ))L 2 (t s{i!j) ) = V9(x)v9(y tl( ' l) )6 2 (^i)^(%,i)) 
On the other hand we have 

ifixniU^ifiynitj)) = MxMUWyMtj) = ^{x)^{y)^ t^Utj) 

= ij(x)ij( y y^ ) i 2 (n lJ )i 2 (t s{hj} ) 

and then it is enough to check that ip(x Ll( - tk ^) = ^j(x) L2( - tk ^ for all x G M±. 
But again it is enough to check this equality for all x in Li (N) because 
Mi is the fc-Mal'cev completion of ti(N). In this case the first mem- 
ber is equal to ■0( i i(^fe) Tli i(^fc) _1 ) = VK^fc^fc 1 )) — ^(^fc^fe 1 ) and the 
second member is equal to L 2 (tk)ip(ii(n)) L 2 {tk)~ l = i 2 (tk) i 2 {t^. 1 ) = 
i 2 {tknt^ 1 ) and the proof is complete. □ 

The fc-Mal'cev completion of (G, N) will be denoted simply by (K, M), 
or K, for the fc-Mal'cev completion of (G, N) and it will be understood 
that G is a subgroup of K such that GM = K and G H M = N (M 
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is the unique finite index subgroup of K which is isomorphic to the 
fc-Mal'cev completion of N). Observe that K depends on both N and 
G. For example, if G is a finitely generated torsion free nilpotent group 
and N is a proper finite index subgroup of G then K will have a proper 
finite index subgroup isomorphic to the fc-Mal'cev completion of G (or 
N) whereas if N = G then K = N k which has not proper finite index 
subgroups. 

2.2. The abscissa of convergence as an invariant of the Mal'cev 
completion. Let K be a group with a finite index normal subgroup 
M which is the Q-Mal'cev completion of a r-group. We denote by 
TL(K) the family of all subgroups G of K such that GM = K and 
G R M is a r-group which has M as its Q-Mal'cev completion. It 
follows from the definitions that for each G G 1-L{K), the group K is 
the Q-Mal'cev completion of the pair (G, MnG) and that if (G', N') is 
any pair with Q-Mal'cev completion isomorphic to K, then there exists 
an isomorphism from G' onto some G G H(K) sending N' onto GC\M. 
Theorem C will follows from the following proposition: 

Proposition 2.4. IfG u G 2 G H(K) then Cii,Girw( s ) and CG 2 ,G 2 nM( s ) 
have the same abscissa of convergence. 

Proof. If Gi, G2 € T-L{K) then they clearly finitely generated and hence 
G\ V G2 is also finitely generated. Then (G\ V G2) H M is finitely 
generated and therefore it is a r-group whose Q-Mal'cev completion 
is clearly M. Then G\ V G*2 G 'H(K) and hence we can assume G2 < 
Gi. By Corollary 11.121 it is enough to prove that GinA/( s ) an( i 
Cg 2 G 2 nM( s ) have the same local factors for all but a finite number of 
primes. Choose a prime p which does not divide [G± : G%] and consider 
the family M p of all normal subgroups of G\ contained in G\ fl M 
and which are of index a power of p in G\ fl M and consider G lp , 
the profinite completion of Gi with respect to this family. Then by 
Proposition 11.11 the closure map gives a correspondence between the 
subgroups A of Gi of index a power of p which satisfy A(Gi fl M) = Gi 
and the open subgroups B of Gj for which B(M fl Gj) = Gj. Then 
it is enough to see that MnGj = M n G2 and Gi = G2. The first 
equality follows because [M fl Gi : M fl G%] = [Gi : G2] which is not 
divisible by p and therefore M n Gi and M D G2 must have the same 
closure since M fl G2 is a r-group. For the second equality we have 
G[ = G 2 (M n Gi) = G 2 M n Gi = G 2 M n G 2 = C£. □ 

Corollary 2.5. For each M < L < K there exists a rational num- 
ber c*l such that for any H G W(L), the zeta function HnM (s) has 
abscissa of convergence a^. 
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Proof. This follows immediately from the proposition above, Theorem 
A and the fact that global cone integrals have rational abscissa of con- 
vergence (see Introduction). □ 

2.3. Criterion for having the same Mal'cev completion. It is 

useful to have a criterion to decide when two pairs (G, N) and (C, N') 
have the same Q- Mal'cev completion and conclude in this way that 
(g,n{s) and (g',n'{s) have the same abscissas of convergence. We shall 
give such a criterion in Proposition 12. 9[ but first we shall introduce 
some definitions in a more general setting. 

Consider the family of all pairs (A, B) where A is a group and B is a 
normal subgroup of A. We say that two pairs {A\, Bi) and (A 2 , B 2 ) are 
equivalent, and we write (Ai, B{) ~ (A 2 , B 2 ), if there exists a group F, 
two short exact sequences 1— > B^ •— > A^ ^ F — > 1 and an isomorphism 
if) : B\ — > B 2 such that if ifi : F — > Out(Bj) are the maps induced by 
these exact sequences and if) : Out(Bi) — > Out(B 2 ) is the isomorphism 
induced by if), then if) o tpi = (p 2 . Before proving that this relation is an 
equivalence relation we shall need the following lemma: 

Lemma 2.6. Suppose that 1 — > B ^ A — > Fi —> 1 and 1 — > B <^-> 
A F 2 — > 1 are two short exact sequences. Then there exists a 
unique isomorphism $ : F\ — > F 2 such that $opj = p 2 . Moreover, if 
<fi : Fi —t- Out(B) are the respective induced maps by these sequences 
then (pi — tp 2 o $. 

Proof. Let {ctf}feF 1 be a family of elements in A such that pi(a/) = /. 
Define $(/) = p 2 (aj). This is a good definition because kerpi = 
ker p 2 = B and it is a homomorphism since for /, /' G F we have 
dfCLfraJf, G -B and therefore p 2 (af)p 2 (af) = p 2 (°//')) that is, $(/)$(/') = 
$(//')• K is clear that $ is an isomorphism which is unique with the 
required property. Finally, if cr a/ denotes conjugation by in I? then 
the image of / by (pi is a af Inn(B) while, since p 2 (aj) = $(/), the 
image of $(/) by yj 2 is also a af Inn(B). That is, (p 2 o $ = y^. □ 

Proposition 2.7. T7ie relation ~ an equivalence relation. 

Proof. Reflexivity and symmetry are immediate. To prove transitivity 
let (A 1 ,B 1 ) ~ (A 2 ,B 2 ) and (A 2 ,B 2 ) ~ (A 3 ,5 3 ). Let Fi and F 2 be 
groups, 1 ->• B x Ai ^> Fi ->• 1, 1 ->• 5 2 A 2 ^> F x ->■ 1, 
1 -> fi 2 M> A 2 F 2 -> 1 and 1 -> 5 3 A 3 ^ F 2 ->■ 1 short 
exact sequences with induced maps y>j : Fi — >■ Out(Bi) {i = 1, 2) and 
0i : F 2 — >■ Out(Bi) (i = 2,3), and isomorphisms ^>i 2 : B\ B 2 and 
^23 ■ B 2 B 3 such that *0 12 o ^ = <y2 2 and t/> 23 o 2 = 3 . The 



20 



DIEGO SULCA 



isomorphism $ : Ft — > F 2 of the lemma above satisfies $ o p 2 = q 2 and 
therefore 2 $ = y?2- Consider the following two exact sequences 



1 ->■ B 1 Ai ^> Fi 1 



1 ->■ F 3 A 3 - — ^ Fi -> 1 



and the isomorphism -0 = if) 2 "01 '■ B\ — > F 3 . If <p : F 1 — >■ Out(B 3 ) 
is the homomorphism induced by the second exact sequence then we 
have to prove that ip o tp x = (p. Since o q 3 ) = q 3 , an application 

of the lemma again implies that (p = 3 o $. Then what we have to 
show is the equality -0 o ip l = 3 o $. But ijj o tp 1 = 23 "012 </?i = 

"023 ° <fi2 = "023 ° 02 $ = 03 ° $ □ 

Observe that if (A 1; Fx) ~ (A 2 , F 2 ) then Fx S F 2 and A 1 /B 1 £ A 2 /F 2 
but it is not true in general that Ai and A 2 are isomorphic. However 
we have the following: 

Proposition 2.8. If (Ki, Mi) ~ (F 2 ,M 2 ) where Mi is a finite dimen- 
sional k-radicable nilpotent group for some field k of characteristic zero 
and if K\jM\ is finite then K\ and K 2 are isomorphic. 

Proof. There exist exact sequences 1 — > Mi <^-> Ki — > F — > 1 (i = 1, 2) 
giving homomorphisms ^ : F — >■ Out(Mi) and an isomorphism -0 : 
Mi — >■ M 2 such that if -0 : Out(M\) — > Out(M 2 ) is the isomorphism 
induced by -0 then ip o (p l = ip 2 . Let 7Tj : Aut(Mi) — > Out(Mi) the 
quotient map and let also consider -0 : Aut(Mi) — > Aut(M 2 ), the map 
induced by 0. Let 01 : F Aut(Mi) a lifting of <^i ([H Lemma 3.1.2]) 
and define (^ 2 := ipoip l . Since 7r 2 o?/> = 0o7Ti then 7i 2 oip 2 = TT 2 oipo{p l = 
ip o it o ip l = o ip l = ip> 2 and therefore <p 2 is a lifting of </? 2 - By [D| 
Lemma 3.1.2 ] we have that Jfj = Mi F and F 2 = M 2 x^ 2 F. 
Finally define ft, : M x x #1 F M 2 x^ 2 F by %, /) = (ip(g), /). This 
map is clearly bijective and at one hand we have 

h({gi,fi) ■ (<7 2 ,/ 2 )) = %i^i(/i)(f/2),/i/ 2 ) = {ip(gi<Pi{h)(92))Jif2) 
= (i>(g 1 M0 1 (fx)(g2))J 1 f 2 ). 

and on the other hand we have 

(^G?l),A)(0G?2),/ 2 ) = (0(^l)^2(/l)(0(^2)),/l/2) 

and then all we only have to prove that ip(ipi(f)(g)) = ip 2 (f)(ip(g)) for 
all / £ F and g 6 Mi. By definition of <^ 2 and we have <p>2{f) = 
ip o tpi{f) — ip o tp 1 o '0 -1 . Evaluating this equality in 0(g) we obtain 
&2{f){ip{g)) = "0 v5i(50 and this is what we wanted to prove. □ 
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Proposition 2.9. Suppose that (Gi,N\) ~ (G 2 ,N 2 ) where Ni is a r- 
group and G\/N\ is finite. If (iQ, Mj) is the k-Mal'cev completion of 
(Gi,Ni) then (i^Mi) ~ (K 2 , M 2 ) and therefore K 1 = K 2 . 

Proof. Let 1 — > Ni ^ d F — > 1 (i = 1, 2) with induced maps 
ifi : F — » Out(Ni) and let ^ : iVi — >• be the isomorphism such that 
if> o ip 1 = if 2 - Let if) also denote the unique extension if) : Mi — > M 2 
of ^. We shall consider the isomorphisms G-jNi = Ki/Mi induced 
by the inclusion map Gi ifj and we denote by qi the composition 
i^i -)■ Ki/Mi = Gi/Ni ^ F. Then we have exact sequences 1 ->■ M» -> 
i^i -A -F — 7- 1 with induced maps, say ^ : F — > Out(Mi) (i = 1,2). 
We have to prove that ip o (p l = (p 2 . 

Let f E F and pick ^ e Gj such that Pi{gi) = f ■ It follows that 
<7i(j?i) = / an( i if °i : Mi — M denotes conjugation by then we 
have to show that ip{aiInn{M{)) = a 2 Inn(M 2 ), or equivalently, that 
if; o o\ o ip~ l = o 2 mod Inn(M 2 ). If Resoi is the restriction of <Tj to Ni 
then by hypothesis we have if) o Resa\ o = Reso~ 2 mod Inn(N 2 ), 
that is, there exists m E N 2 such that a^ 1 o if) o a\ o if)~ l (n) = n m 
for all n E N 2 . But then this is true for all n G M 2 and therefore 
iftoai oip^ 1 = cr 2 mod Inn(M 2 ) which is what we wanted to prove. □ 



3. Abscissa of convergence of zeta functions of 
virtually abelian groups 

Let G be a finitely generated virtually abelian group an let N be a 
normal subgroup of G isomorphic to if 1 . In |dSMS] it is given a theo- 
retical procedure to obtain explicitly (q N (s) up to a finite number of 
local factors. By Corollary II. 12\ this is enough to obtain the abscissa 
of convergence or (G,N) of Cgn( s )- The procedure is: 

(1) Let P = G/N. The Q-algebra A = QP decomposes into a 
product of simple algebras A — A\ X . . . X A r . 

(2) If Ki is the center of Aj with ring of integers Ri, then Aj is 
isomorphic to a full ring of matrices of rank over some central 
ilj-division algebra Dj. 

(3) Put nf = dim^.(ylj) = mfef where ej = dimKi(Di)- 

(4) The group P acts on iV by conjugation. The A- module V = 
N <8> Q decomposes into a direct sum V — V\ @ . . . ® V r with 
Vi = AiV and V { = W t ki where W t = D™\ 

(5) Set €i = or 1 according to whether CV 4 (-P) = Wi or 0, where 
C W .(P) = {x E Wi : x9 = x,Vg E P}. 
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(6) The zeta function ( G N (s) and the following zeta function: 

t k{&i 1 

n n CiiiM* - e<) -j), 

i=l 3=0 

where (rX s ) is the Dedekind zeta function of Ri, have the same 
local factors for all but a finite number of primes. 

Then a s (G, N) will be the same as the abscissa of convergence of 

m=i llj=o _1 (Ri( n i( s ~~ e i) ~~ ])■ Since the Dedekind zeta function of 
any number field has abscissa of convergence 1 then we have 

1 + 7 

cr (G, N) = max{ - + e* : 1 < i < r, < j < he, - 1} 

= max{ h €{ : 1 < % < r\ 

Hi 

k- 

(3.1) = max{— + €i : 1 < i < r} 

rrii 

The abscissa of convergence or (G) of (q (s) is not such an interest- 
ing invariant. In fact, from the expression (q (s) = Y2n<h<g\G '■ 
H]~ s Ch n( s ) we see that or (G) is the maximum of the or (H, N) with 
N < H < G and since or (N, N) = h then to obtain a~ (G) different 
from h we must find N < H < G such that or (H, N) > h. Now 
observe that 

r r r 

(3.2) h = dimQ Vj = kj dim Q Wj = ^m, diniQ A 

i=l i=l i=l 

Looking at ( 13. ip . we are interested in the case where there exist i such 
that — + €« > h. If h < h then — + e« < h. Then we are interested in 
the case where there exists zq such that ki = h and = 1. By ( 13. 2D . 
we must have mj = 1 and fcj = for all j ^ io- Since = = 
then Di = Q, Aj = Q, A« V = V and the fact that q = 1 says that 
P has no non-trivial fixed points in V. Then 

Corollary 3.1. If or (G) is either h or h + 1. T7ie /ater is the case if 
and only if there exist an intermediate subgroup N < H < G such that 
if P = H/N then QP has a simple two-side ideal A± isomorphic to Q 
such that Ai(N <E> Q) = ® Q and P has no non-trivial fixed points in 
N. 



ZETA FUNCTIONS OF VIRTUALLY NILPOTENT GROUPS 23 

4. ZETA FUNCTION OF 3-DIMENSIONAL ALMOST BlEBERBACH 

GROUPS 

In this section we present the explicit zeta functions of all finitely gen- 
erated torsion free virtually nilpotent groups of Hirsch length 3. This 
family of groups is the same as the family of the 3-dimensional almost 
Bieberbach groups (abbreviated /45-groups) , that is, finitely generated 
torsion free nilpotent groups G such that the maximal normal nilpotent 
subgroup, the Fitting subgroup Fitt(G), is maximal between all the fi- 
nite index nilpotent subgroups of G and h(G) = 3. We only present the 
results. The interested reader should consult [SJ for the details of the 
computation. When Fitt(G) is abelian, then we have a 3-dimensional 
Bieberbach group and a complete list of them (there are 10) can be 
found in |LSY| . A complete classification of the 3-dimensional AB- 
group with non-abelian Fitting subgroup can be found in [DJ or |DIKLj . 

It is an important fact that if G is an /4S-group with Fitting sub- 
group N, and if iV < H < G, then H is also an AB-gioxrp with Fitting 
subgroup N. Hence we shall only present the zeta functions of pairs 
C<3jv( s )> w here G is an AB- group and N its Fitting subgroup. 



4.1. The 3-dimensional Bieberbach groups. In the table, we present 
the 3-dimensional Bieberbach groups numbered according to the Inter- 
national Table for Crystallography (IT), we present (q n (s), where N is 
the Fitting subgroup of G, its abscissa of convergence and a functional 
equation which is satisfied for almost all its local factors. In contrast 
with the situation for r-groups (see |Y]), these functional equation will 
encode more information than only the Hirsch length of G. 



G 


C|,Ar(s) 


a(G, N) 


Functional equation 


Z 3 


C(s)((s - l)C(a - 2) 


3 


Cg^WImt 1 = (-i)"V 3s+3 Cg, p (s) 


IT=(3,4) 


C(s)C(s - l)C(a - 2) 


3 




IT=(3,144) 


C( s )C( S -l)L( S -l, X 3)^y 


2 


Cg^nA^p^p- 1 = (- 1 ) 3 X3(pK 3s+2 Cg,jv, p (s) 


IT=(3,76) 


C( s )C( S -l)L( S -l lX4 )^ 


2 


Cd^pi^p^p- 1 = (- 1 ) 3 X4(pK 3s+2 Cg,jv, p (*) 


IT=(3,169) 




2 


Cg.nA^p^p- 1 = (- 1 ) 3 X3(pK 34 ' +2 Cg,jv, p ( s ) 


IT=(3,19) 


co> - i) 3 C 2 (* - 1)- 3 


2 


C g .n,Mp^ = (-i)V 3s+3 C G ,*» 


IT=(3,7) 


C(,s-i) 2 C( S )C 2 ( S )- 1 (i + 2 1 - s ) 


2 


Cg.n.Mp^ = (-^P- 3s+2 Cg.nM 


IT=(3,9) 


C(.)C(- 


2 


(InMp^ = (-^p- 3s+2 Cg.nA s ) 


IT=(3,29) 




2 


cUMp^ = (-v 3 p- 3s+2 Cg.n, p ( s ) 


IT=(3,33) 


as)c(s-irc2(s)- i c2(s-i)-^ 


2 


C g ,n,Mp^ = (-i)V 3s+2 CgW*) 



24 



DIEGO SULCA 



In the table and below, xs an d X4 denotes the primitive Dirichlet char- 
acters mod 3 and mod 4 respectively and L(s, x) is the L-series 
associated to x- 

4.2. The 3-dimensional AB-groups with non-abelian Fitting 
subgroup. The 3-dimensional almost Bieberbach groups with non- 
abelian Fitting subgroup are presented with their names as in [D] . 
There are seven infinite families, and each family is parameterized with 
the natural numbers. If E is a member in any of these families, we 
always denote by N the Fitting subgroup of E. We present Ce n( s ) 
(depending on some parameter), its abscissa of convergence a~ (E, N) 
and a functional equation which is satisfied for all but a finite number of 
local factors of £j N (s). The parameters which appear in the expression 
of these zeta functions are explained in [SJ. 

4.2.1. The AB-groups of type Q = pi. 

c < ( s _tt C p (s)Cp(s - 1) -p( 2 - fl XM fc >+%(2s - 2)C P (2s - 3) 

C(a)C(s ~ l)C(2s - 2)C(2a - 3) < = 
C(3«-3) ' { ' 

Cl»lp-*-i = (-i)V 3s+3 Cl», P \k. 

4.2.2. The AB-groups of the type Q = pi. 
C(s - l)C(s - 2)C(2s - l)C(2s - 2) C 2 (3s - 3) 



Ce,n( s ) 



n 



C(3*-3) C2(2s-l)C 2 (2s-2) 
C P ( S - l)C P (.s - 2) -p- s M ? )+%(2 s - l)C p (2s - 2) 



C P (s-l)C P (s-2)-p- s C P (2s-l)Cp(2s-2) 



a" (£?, TV) = 3, Cl,iv lP (s)lp^- = (-1) V 3s+3 Cl,;v», P t 2<?. 



4.2.3. TTie AB-groups of type Q = pg. 

Cl,* (*) = C 2 (* - 2) (C 2 (.s - 1) - 2-^^ +1 \ 2 {2s - 3)) • 

C P (s)C P (s - 1) -^^HD^ - 2)C P (2,s - 3) 



n 



C P (s)( P (s - l)-p 2 -% p (2s - 2)C P (2s - 3) 

C(a)C(a-l)C(2a-2)C(2 8 -3) < . . 
C(3^3) ' a ^' Ar )= 2 ' 

Cl,JV,pO)U P -i - (-l) 3 P" 3S+3 Cl,iV,p(s) 5 V\2q. 
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4.2.4. The AB-groups of type Q — p2gg. 

( p ( s -l)i-p-(s-VM q m) Cp{ 2 s -2f 

C( S -l) 2 C(2 S -2) 2 < 



C (3 S -3) ' «-^^= 2 . 

CInJs)\^ p -i = (-1)V 3S+3 CI,at», P\2q. 



4.2.5. The AB-groups of type Q = p4. 

<e,n(«) = Us - 1) J] [Cp00(Cp(2s - 2) -p- s ^^ +1 )C P (4 S - 2)) 

p#2 

+ (X4(P) + iKpi^p-^HU* - l)C P (2a - 2) -p- s ^+ 2 >C P (4 S - 2)C P (2 S 

tt £(3.s - 2,X4,p) 

'M Cp(s ~ 1)Cp(2s " 1)i(s ~ 1 »X4,p)£(2s - 1.X4.P) 

C(s-l)C(2s-l)£(s-l,x 4 )£(2s-l, X4 ) < 
X(3s-2,X4j 

C1,jv, p (s)I p ^p-i - (-i) 3 X4(pK 3s+2 c1,jv(s), p|2g. 



4.2.6. 77ie Bieberbach groups of type Q = p3. 

Cf ,*(*) = G»(* " 1) II [(C P (2 S -2)- 2 ,-^^+ 1 )C P (4 S -2)) + 

P#3,p|g 

(1 + Xs(p)) P- (s - 1} (Cp(s - l)C P (2s - 2) - p- s ^^)+ 2 )C P (4 S - 2)C P (2 S - 1)) 

TT ^(35 ~ 2,X4,P) 

' l / q C P (s - l)C P (2fl - l)L(s - l,xs,p)i(2« - 1, X3,P) 

((s - l)((2s - - 1, X 3)L(2s - 1, xgj <_. n . 
£(3 S -2,X3) ' " {E > N) = 2 > 

(i,N, P (s)\p^ P -i = (-l)-V 3s+2 X4(p)Cliv,p(s), Pt3«- 
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4.2.7. The Bieberbach groups of type Q = p6. 

<Ze,n(*) = C 2 (2 S - 2)C 3 ( S - 1) J] &>(«) [(C P (2.s - 2) -p- s ^« +1 >C P (4 S - 2)) + 

p#2,3 

(1 + XS(P))P- {S - 1] (C P (s 1)Cp(2s - 2) -p- s ^+ 2 \ p (A S 2)( p (2s 1)) 

L{3s-2,X4,P) 



n 



Cp(s - l)Cp(2s - l)L(s - l,x 3 ,p)i(2s - 1, X3,P) 



p#2,3;p|fc 

C(s - l)C(2s - - 1, X3 )i(2s - 1, xa) 



, a~(E,N) = 2, 



L(3s-2, X3 ) 

Cl,iv,p(s)lp^p-i = (-l)V 3s+2 X 3 (p)Cl, N ,p(s), P{69- 
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